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Abstract—The paper presents the results of numerical 

modeling of the spectral and energy characteristics of a 

microstrip antenna with slot inhomogeneities of complex 

topology. Simulation was carried out within the framework of 

a semi-open resonator model by the finite element method 

using the Ansoft HFSS software product. The influence of the 

geometric dimensions and material constants of the structure 

on the frequency and energy characteristics is investigated. 

Keywords—microstrip monopole, coplanar, pattern 

characteristic, matching 

I. INTRODUCTION 

The main trend in the development and creation of a new 

generation of the element base of functional elements of the 

microwave, aK
and terahertz ranges is the search for both 

new physical effects as a physical basis for the operation  

elements, and the search for new design solutions. The need 

for the development of the element base is due, first of all, to 

the solution of a lot of applied problems, including 

geolocation, the development of new methods of medical 

diagnostics (radiometry, radiotomography, radio-introscopy). 

Among the most promising new technical implementations, 

one can point to structures based on hybrid metal-dielectric 

structures (HMDS) of planar and volumetric shaping. The 

structures of this kind allow to realize the potential 

capabilities of radiating elements both in a single design and 

as part of antenna arrays [1, 2]. Realization of potential 

possibilities requires the solution of another important 

problem - the formation of the necessary distribution of 

electromagnetic fields in a given space to create conditions 

for the effective interaction of fields with existing 

inhomogeneities, for example, with slot inhomogeneities of 

various topologies for effective radiation and the creation of 

the necessary polarization and spatial-energy characteristics. 

If we assess the prospects of using certain design 

solutions based on the results of scientific and technical 

conferences and publications in specialized publications, 

then it can be argued that radiating systems implemented 

using technologies of film hybrid integrated circuits in the 

microwave range are the most preferable [3]. Technical 

solutions based on planar HMDS have undeniable 

advantages. The main of which is low profile (including 

conformity) [4]. The second advantage is the possibility of 

realizing practically any topological configuration of 

radiating and auxiliary elements on a dielectric substrate, 

which allows realizing practically any functional elements 

[5, 6]. Of course, the indisputable advantages include 

compactness, light weight, high reproducibility of parameters 

and low production costs. 

At the same time, the classical design of a planar HMDS 

presupposes the presence of the main structural elements: a 

dielectric substrate, one side of which, as a rule, is 

metallized, and on the other side, there are conductors with 

different topologies that perform certain functional actions 

and elements of the excitation system. By itself, such a 

design, a priori, has significant drawbacks. The main one is 

that the volume within which the energy is stored turns out 

to be insufficiently large (a thin plate compared to the 

wavelength), and, consequently, the quality factor of such 

systems is low. The second is a narrow band, which is 

associated, among other things, with the possibility of 

multiple resonances, and with the possibility of exciting 

surface waves in the substrate. Another essential aspect is 

the method of excitation of the structure: either using direct 

galvanic contact of functional elements with external 

exciting circuits, or using a conductive excitation method, or 

using slot exciters. All these methods to a greater or lesser 

extent narrow the working range of the structure.  

This paper presents the results of modeling the main 

characteristics of a structure representing a microstrip 

resonator with inhomogeneities in the form of slotted discs 

with slits. A distinctive feature of the structure is the 

absence of a ground plane. The excitation of the structure is 

carried out using a segment of a coplanar line. 

 

II. STRUCTURE UNDER STUDY 

 An isometric view and topology of conductors with a 

notation system are shown in Fig. 1. The topology of 

inhomogeneities has a complex structure: disc slot 

inhomogeneities are combined with segments of slot 

inhomogeneities of the linear type (slits). In Fig. 1, the 

following designations are used: 1 - basic disc resonator, 

dielectric substrate, 2 - dielectric substrate, 3 - slot-type 

inhomogeneities. The use of a complex topology of slot 

inhomogeneities is due to the need to solve two key 

problems. The first of them is associated with the need to 

reduce the number of degenerate eigenmodes in the working 

band. As it is known [7], in the spectrum of eigenmodes of 

electrodynamic structures with axial symmetry, there was a 

countable set of degenerate eigenmodes. This property 

significantly reduces the level of electrodynamic 

characteristics due to the instability of the wave regime near 

frequencies where degenerate eigenmodes can be excited. 

 The second is associated with the need to shift the 

operating range to a lower frequency region while 

maintaining the specified geometric dimensions by 

increasing the length of the radiating aperture, which is 
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achieved by increasing the length of the current lines 

flowing over the disc surface. 

The structure is excited using a segment of an unshielded 

coplanar line (there is no metallization on the back side of 

the substrate). 

 

 

Fig. 1. Schematic sketch of the structure. 

Based on the assumption that the structure operates in 

the microwave range, the following parameters were 

chosen: the diameter of the microstrip disc is 35 mm, the 

thickness of the dielectric substrate is 0.5 mm, the length of 

the linear part of the inhomogeneity is variable and depends 

on the diameter of the axial inhomogeneity (initial value 

6L = mm, final value 4L = mm), diameter of the axial 

heterogeneity - variable (change interval is 6, 8, 10 mm), the 

gap width of the linear part of the heterogeneity is fixed and 

equal to 1t =  mm. The values of the relative permittivity of 

the substrate were selected from a number of standard 

values ( 2.2, 2.4,3.8rε = ). As a basic method for the 

analysis of spectral and energy characteristics, the finite 

element method was used, which is numerically 

implemented using the Ansoft HFSS package [8]. 

III. RESULTS OF THE STUDY 

In the numerical simulation of the characteristics of the 

structure under consideration, the method of a half-open 

resonator was used [9]. In this case, the condition rs λ<  is 

assumed to be fulfilled. Due to the absence of a shielding 

plane, the nature of the distribution of currents on the 

surface of the resonator and electromagnetic fields both in 

the dielectric substrate and in the near zones above the 

microstrip resonator and on the opposite side of the 

substrate changes fundamentally. It is quite obvious that the 

field distribution is frequency dependent. Information about 

possible resonances of eigenwaves in the structure can be 

obtained from the spectral characteristics. 

A. Eigenmodes Spectrum 

It is known that the spectral characteristic is a key 

element in the study of complex compositional 

electrodynamic structures. It gives an idea not only of the 

number of eigenresonance frequencies in the frequency 

range under consideration and their distribution on the 

frequency axis, which makes it possible to estimate the 

operating range of the structure, but also to evaluate the 

possibility of the occurrence of modes with frequency and 

polarization instability due to the existence of degenerate 

modes of oscillations. In Fig. 2 the spectral characteristic of 

the structure with the following set of parameters: 6d =

mm, 2.4rε = , 0.5s = mm is shown. 

 
Fig. 2. The eigenmode spectrum of structure under study. 

The analysis of the spectral characteristics indicates a 

significant non-uniformity of the distribution of spectral 

lines on the frequency axis. Moreover, in the low-frequency 

region (up to approximately 10 GHz), the spectrum turns out 

to be rather sparse. In the high-frequency part of the range 

(10 ... 14 GHz), the spectrum is noticeably denser, but it 

remains significantly uneven. Comparison of this 

characteristic with the characteristic given in [10], in which 

the structure excited by a segment of a microstrip line was 

considered, shows that, upon excitation by a segment of a 

coplanar line, the spectrum of eigenmodes turns out to be 

significantly "poor". The physical explanation of this fact is 

that in the absence of a screening plane, the conditions for 

the excitation of a part of eigenmodes disappear. Near a 

frequency of 2 GHz, there is practically a degeneration of 

three types of modes, the resonance frequencies of which 

differ by no more than 10 MHz. Near the 6 GHz frequency, 

the spectral lines of the two eigenmodes of oscillations 

approach quite closely (the frequency difference is 29 

MHz). In this situation, we can speak of a situation with a 

potential "technical" possibility of degeneration (due to the 

instability of the operation of the exciting generator). In the 

high-frequency part of the frequency range under 

consideration, there is no degeneration of eigenmodes (the 

difference between the resonant frequencies of eigenmodes 

is at least 300 MHz). Thus, it is possible to predict the 

existence of stable modes of operation in the high-frequency 
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region near frequencies of 11 GHz and 12 GHz. At the same 

time, near these frequencies, it is possible to implement 

tunable controlled devices. 

B. Matching 

The question of optimal matching of any functional 

element with the exciting circuits is the key both in the 

microwave range and in higher wavelength ranges. The 

efficiency directly depends on the degree of matching 

functional element, in addition, the design features of the 

matching element can affect the spectral characteristics due 

to the fact that unwanted resonances can occur in these 

elements. By itself, the structure under consideration is a 

complex composition: a disc resonator, slot inhomogeneities 

of the disc type, slot inhomogeneities of the linear type, and, 

finally, a segment of the coplanar line acting as an exciter, 

each of which has a certain set of eigenresonance 

frequencies. The interaction of all these elements leads to 

the resulting spectral, amplitude-frequency and energy 

characteristics. Two main factors have a significant effect 

on the 
11S  characteristic indicating the degree of matching: 

the dielectric substrate (more precisely, the value of the 

relative permittivity of the substrate) and the topological 

features of the slot disc inhomogeneities (the diameter of the 

discs and parameters of slits).  

In Fig. 3 the frequency dependences of 
11S  for a fixed 

value of the diameter of the slot disc resonator 8d = mm at 

relatively small values of rε  are shown. The choice of rε  

values is dictated by two circumstances: first, at small 

values, the amplitude of (possible!) surface waves turns out 

to be lower; second, at small values of rε , the effect of 

redistribution of the energy of excited oscillations in the 

regions above and below the microstrip disc is less 

pronounced. 

 

Fig. 3. The dependences of 
11

S  vs frequency with rε  variation. 

Obviously, in the frequency range from 4 GHz to 22 

GHz with the selected values of rε , the level of return loss 

11S  does not exceed -10 dB. In this case, a smoother 

character of the dependence is observed at 3.8rε = . At 

lower values of rε , although a lower level of -50 dB is 

attainable in the peaks, in general the curves are oscillatory. 

The diameter of the disc slot inhomogeneities has a 

significant effect on the degree of matching with external 

circuits. In Fig. 4 the dependences of  
11S in the frequency 

band with variation of the diameter of the disc 

inhomogeneities are shown. 

 

Fig. 4. The dependences of 
11

S  vs frequency with d  variation. 

The analysis of the dependences shows that, regardless 

of the diameter of the inhomogeneities in the frequency 

band from 5 GHz to 24 GHz, it is possible to achieve the 

optimal matching level (the dashed line corresponds to the 

VSWR = 2). Moreover, at the optimal value of the diameter 

8d = mm (curve 2) in the frequency range from 10 to 14.5 

GHz, the values of 
11S  do not exceed 0.1 (which is 

equivalent to VSWR <1.2). 

C. Radiation Pattern 

The ability to create a certain spatial distribution of 

fields is determined by the type of radiation pattern. In Fig. 

5 the radiation patterns in the elevation plane (θ plane) with 

variations in values at a fixed frequency of 12.56F =  GHz 

and 10d = mm are shown. The angle θ  was measured from 

the normal to the antenna plane at a fixed angle 090ϕ = . All 

charts are normalized to the global maximum recorded for 

the value of 3.8rε = . Dependency analysis shows that for 

all values of rε  the diagrams are multi-lobed. 

 

Fig. 5. Radiation patterns with variation of rε  value. 

 Moreover, with an increase in the value of rε , the 

amplitude of the radiated signal increases. In this case, the 

amplitude of the radiated fields on both sides of the antenna 
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for small values is approximately the same. With an increase 

to 3.8, the amplitude of the radiated fields from the side of 

the dielectric substrate turns out to be much larger. The 

width of the petals weakly depends on the value at small 

values of rε . 

 With an increase of rε  to 3.8, the width of the petals 

with a larger amplitude expands noticeably. In Fig. 6 the 

radiation patterns in the azimuthal plane ( ϕ  plane) with 

variations in values of rε  at a fixed frequency of 12.56F =  

GHz and a value of 10d = mm are shown. The angle ϕ  

was measured from the axis of the central conductor of the 

coplanar line clockwise at a fixed value of 
00θ = . All 

dependences are normalized to the global maximum at 

3.8rε = . Obviously, the diagrams at small values of rε  

turn out to be four-lobed. 
 

 

Fig. 6. Radiation patterns with variation of rε  value. 

 

As the value rε  increases to 3.8, two lobes with 

relatively small amplitudes disappear. In this case, the width 

of the petals with large values of the amplitudes noticeably 

expands. The shape of the diagram is slightly asymmetrical 

about the selected directions 
090  and  

0270 . 

Another important parameter that has a significant effect 

on both the shape of the radiation pattern and the level of the 

radiated power is the diameter of the slot inhomogeneities. 

The peculiarities of the influence of the diameter of the 

inhomogeneity can be traced from the changes in the shape 

of the diagram with the variation of the diameter by the 

example of the diagram in the azimuthal plane, which is 

shown in Fig. 7. 

Comparison of the diagrams shown in Fig. 6 and Fig. 7 

shows that at 2.4rε = and the value of 10d =  mm the 

shape of the diagram practically does not change. At a 

relatively small value of the diameter 6d = mm, a rotation 

of the direction of the radiation maximum by 
090  is 

observed. 

  

 

Fig. 7. Radiation patterns with variation of  d  value. 

IV. CONCLUSIONS 

The results of numerical simulation of the characteristics 

of a microstrip antenna with a complex topology of slot 

inhomogeneities when using a coplanar line segment as an 

exciter have shown the possibility of operating in a 

sufficiently wide frequency band. The nature of the 

influence of the geometric dimensions of the structural 

elements and the material parameters of the substrate on the 

spectral and energy characteristics of the antenna has been 

established. It can be predicted that, on the basis of such 

radiating structures, it is possible to create effective 

radiating systems (including as part of antenna arrays). 
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Abstract—Approximate solution of a dielectric waveguide 

eigenwaves scattering by finite and semi-infinite system of 

graphene strips is presented. The operator method is used. We 

suppose that only waveguide eigenwaves can exist in the domain 

between the strips. Under this approximation integral operator 

equations become matrix ones. Their solution requires much 

less computation time. The solution of the co-called key 

problem, the scattering problem by a single graphene strip 

inside a dielectric slab, is obtained by the method of singular 

integral equations. The frequency dependences of scattering 

characteristics as well as radiation patterns are presented. 

Keywords—graphene, strip grating, operator equations, 

scattering, semi-infinite structure 

I. INTRODUCTION 

Scattering by strip gratings is a canonical problem. Strip 
grating with the dielectric slab can be used as antennas, 
absorbers, filters, etc. [1-3]. Graphene is a rather new 2D 
material. Its conductivity can be varied by application of 
external electrostatic or magnetostatic field, what opens great 
perspectives in creation of tunable devices [4, 5]. 

Finite-difference method is a widely used approach to 
graphene structures [6]. However, its accuracy is limited to 
several digits, since, for example, it uses the approximate 
radiation conditions. Another alternative is rigorous 
techniques such as method of integral equations or operator 
method, which allow to obtain results with required error at 
lower computation costs [7-9].  

In [10], the non-linear operator equation relatively 
reflection operator of the semi-infinite system is obtained for 
the case if the scattered fields can be represented as Fourier 
series (discrete spectrum). In [11], the approach is extended to 
the semi-infinite gratings where scattered fields are 
represented as Fourier integrals (continuous spectrum). In 
[12], the operator method is used to scattering by finite and 
semi-infinite system of slots in the wall of a plane waveguide. 

At the same time, approximate techniques require much 
less computation time [8]. In the case if the physical 
phenomena can be studied with limited accuracy, the 
approximate techniques are an adequate choice.  

In this paper we consider scattering of the eigenwaves of 
the dielectric waveguide by finite and semi-infinite system of 
graphene strips inside the dielectric slab (see Fig.1). When we 
use the operator method, we divide solution of scattering 
problem into several steps. In such a way, we decrease the 

dimension of the resulting matrix equation. Operator method 
allows to obtain rigorous solution of the scattering problems. 
In the case if the scattered fields have continuous space 
spectrum (i.e. can be represented as Fourier integrals), the 
operator equations are integral ones. However if we suppose 
that only waveguide eigenwaves can propagate in the domain 
between the strips and the field scattered by one strip does not 
affect the other strips via free space, operator equations 
become matrix ones.  

 

Fig. 1. Structure geometry. 

Operator equations presented in this paper use scattering 
operators of a single strip. Thus at first we briefly present 
algorithm of obtaining of the reflection and transmission 
operators of a single strip which is based on the method of 
singular integral equations. After that, we write operator 
equations for finite and semi-infinite system of graphene 
strips. 

II. OPERATORS OF A SINGLE GRAPHENE STRIP 

Suppose that the H -polarized p th eigenwave of the 

dielectric waveguide with amplitude q  is incident from the 

domain 0<y  on a single graphene strip which center 

coincides with the x -axis. The incident field we denote as 
pqH , where 

p
H  is known x -component of the magnetic 

field vector of the p th eigenwave with unit amplitude.  

For graphene strip we use the following boundary 
conditions  

 ( ) ( )−+−+ −=+ xxyy HHEE
σ

1

2

1
, 0=z , (1) 

 −+ = yy EE , 0=z , (2) 
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where signs “ ± ” mean the limit value, if 0±→z , σ  is 

conductivity of graphene. It can be obtained from the Kubo 
formalism [4]. At the vacuum-dielectric interfaces we use the 
continuity conditions of the tangential components of the 
electric and magnetic field vectors as well as the radiation 
conditions at the infinity and the edge condition. The 
algorithm of reduction of the boundary-value problem for 
Helmholtz equation to the singular equation is presented in 
[13] in full details. Thus here we show only final results.  

We introduce Fourier amplitude of the scattered field 
)(ξb  with the help of the Fourier transform and the currents 

density on the strips 

 
+∞

∞−

−+ =− ξξξ dyikbyHyH xx )exp()(2)0,()0,( 1 , (3) 

where εkk =1  is the wavenumber in the dielectric slab, 

00µεω=k  is the wavenumber in vacuum. If function )(ξb  

is known than we can express field inside the slab, hz <||  and 

above (below) the dielectric slab in the domain hz >|| . 

Scattered field inside the slab far from the strips can be 
represented as a sum of the eigenwaves of the dielectric 
waveguide, and field outside the slab can be represented as 
Fourier integral:  

 

,||,),exp(

)/1sin()(),(

1

2
1

hzyifyik

zkbCzyH

l

l

lll

<±∞→±×

−±=
∞

=

β

εββ
 (4) 

  ,||,)1exp()(),( 2 hzifdzikyikAzyH >−±= 
∞

∞−

ξξξξ  (5) 

where lC  are known constants which connect )( lb β±  with 

the amplitudes of the eigenwaves of the dielectric waveguide, 
)(ξA  is Fourier amplitude of the field above (below) the 

dielectric slab in the domain hz >|| . It can be expressed in 

terms of )(ξb  [13]. 

We introduce function )(yF  which is the derivative of 

the currents density on the strips (up to the constant factor). 
Then 

 
−

−=

d

d

dyyikyF
i

b )exp()(
2

1
)( 1 ξ

ξπ
ξ . (6) 

We can write (6) in the operator form: 

 Fb 1−ℑΞ= , (7) 

where 1−ℑ  is the inverse Fourier transform, operator Ξ  acts 

as follow: )/()())(( ξξξ igg =Ξ , where )(ξg  is an arbitrary 

function.  

Unknown Fourier amplitude )(ξb  can be obtained from 

the following singular integral equation, which we write in the 
operator form 

 qEKSb p11 )( −− +ℑΞ=  (8) 

where )0()/()( =∂∂= zHzyE pp
, S  is the singular 

operator and K  is regular operator which act as follows: 

 ξ
ξ

ξ

π
d

y

g
PVySg

d

d


−

−
=

)(1
))(( , (9) 

,)(),(
1

))(sin()(

))((

0

1
1 ξξξ

π
ψξξψ

π
dgyZdyk

k

yKg

d

d

 
−

∞














+−Γ=

 (10) 

 






>

≤
=

−

,,0

,,)(2
),(

1
0

yif

yifZik
yZ

ξ

ξσπ
ξ  (11) 

with condition 0)( =−
d

d
dg ξξ , PV  means Cauchy principal 

value integral, π1200 =Z  Ohm. 

Function )(ψΓ  satisfies the following asymptotic 

relation, )/1(/1)( 42 ψψψ O+=Γ , if ∞→ψ . The 

eigenwaves of the dielectric waveguide can be excited inside 
the slab. From the radiation conditions it follows that )(ψΓ  

has poles at the points which corresponds to the propagation 

constants lβ  of these eigenwaves, )/(1~)( lβψψ −Γ , if 

lβψ → . Real values correspond to the propagating 

eigenwaves. To eliminate the singularities the regularization 
procedure is needed.  

With the use of (8) we can introduce matrix reflection 
∞

== 1,, )r( plplr  and transmission ∞
== 1,, )t( plplt operators and 

radiation operator Ω  of a single graphene strip, where 

 )(r , llpl bC β−= , (12) 

 ),(t ,, llplpl bC βδ +=  (13) 

pl ,δ  is the Kronecker delta. Operator ∞
==Ω 1)a( pp  is vector 

which defines the far-field with elements  

 21)()( ξξξ −= Aa p . (14) 

Eq. (14) is (up to the phase factor) the far-field representation 
of (5), ϕξ cos= , ϕ  is polar angle (see Fig.1). 

III. FINITE SYSTEM OF STRIPS 

Let us consider the system of N  graphene strips inside the 

dielectric slab. We suppose that eigenwaves of the dielectric 
waveguide are incident from the domain 0<y  (see Fig.1). 

The amplitudes of the incident waves are defined by the vector 
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.Q  Suppose that reflection nr , transmission nt  and radiation 

nΩ  operators of a single n th strip are known. 

Let us denote the vector of the amplitudes of the 
eigenwaves of the dielectric waveguide which propagate in 
the positive and negative directions of the y -axis between the 

n th and )1( +n th strip as nB  and nC . The vector of the 

amplitudes of the reflected field we denote as NR , the vector 

of the amplitudes of the transmitted field we denote as NT . 

The Fourier amplitude of the field radiated by the n th strip of 

the system of strips we denote as nD . The Fourier amplitude 

of the total radiated field we denote as D . They are connected 
by the following operator equations: 

 1111 CetQrRN += , (15) 

 11 −−= NNNN BetT , (16) 

 11111 CerQtB += , (17) 

 111 −−− = NNNN BerC , (18) 

 nnnnnnn CerBetB += −− 11 , (19) 

 nnnnnnn CetBerC += −−− 111 , 1...,,3,2 −= Nn , (20) 

 11111

~
CeQD Ω+Ω= , (21) 

 ( )nnnnnnnn CeBeED Ω+Ω= −−
−
−

~
11

1
1 , (22) 

 11
1
1 −−

−
− Ω= NNNnN BeED , (23) 

 
=

=
N

n

nDD

1

. (24) 

The phase variation of the waves between the origin 0=y  

and center of the )1( +n th strip inside the dielectric 

waveguide is described by the operator ne , and outside the 

waveguide is described by the operator nE . Operator 

∞
==Ω 1, )a~(

~
pnpn  has elements )()(~

,, ξξ −= npnp aa  and 

describes radiation if the eigenwaves are incident from the 

domain 0>y , where )(, ξ−npa  are elements of nΩ .  

IV. SEMI-INFINITE SYSTEM OF STRIPS 

Let us consider semi-infinite periodic system of strips. 

Reflection operator ∞R  can be obtained from the non-linear 

operator equation [10] 

 ( ) 111
1

11111 teReteReItrR ∞
−

∞∞ −+= , (25) 

where I  is the unit operator. 

Radiation operator Ω  can be obtained with the use of the 
specific translation symmetry of the structure that means that 
no semi-infinite structure properties change with its last 

element removed. We can write two equations which connect 
the radiation operator of the semi-infinite structure and the 

Fourier amplitude of the radiated field ∞D : 

 QD Ω=∞ , (26) 

 111111

~
BeCeQD Ω+Ω+Ω=∞ . (27) 

After substitution (25) into (26) and after transformations 
obtain: 

 ( )( ) 1
111111

~ −−Ω+Ω=Ω beIce , (28) 

where operators 1c  and 1b  are 

 111 beRc ∞= , (29) 

 ( ) 1
1

11111 teRcerIb
−

∞−= . (30) 

V. NUMERICAL RESULTS 

With the use of (15)-(30) we study scattering and 
absorption characteristics of the finite and semi-infinite 
system of graphene strips. 

Suppose that the first eigenwave of dielectric waveguide 
with symmetric distribution of the electric field with unit 
amplitude is incident on the periodic system of graphene 
strips. The period is ml µ70= . We consider graphene strips 

with electron relaxation time 1=τ ps and under room 

temperature 300=T K. The chemical potential we denote as 

cµ . The strip width is md µ202 = . The width of the dielectric 

slab is mh µ1202 =  and relative permittivity 25.2=ε .  

Fig.2 shows dependences of the reflection ,R  

transmission ,T  absorption ,A  and radiation Rad  

coefficients (power) on the frequency, 1=+++ RadATR .  

Graphene strips can support plasmon resonances at THz. 
The maximum of radiation is observed near the first plasmon 
resonance frequency. However, the growth of absorption also 
takes place near the plasmon resonances what limits the 
radiation efficiency. For comparison, we also present results 
obtained by the method of singular integral equations (SIE). 
Good agreement is observed.  

 

Fig. 2. Dependences of the reflection ,R  transmission ,T  absorption ,A  

and radiation Rad  coefficients (power) on the frequency, ,5=N  

1=cµ  eV. For comparison the results obtained by the method of SIE are 

shown as dots.  
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(a) 

 

(b) 

 
(c) 

 

(d) 

Fig. 3. Normalized radiation patterns, 525.2=f THz. (a) ;5=N  (b) 

10=N ; (c) ;50=N  (d) semi-infinite structure. 

Fig.3 shows the normalized radiation patterns (amplitude) 
for the finite and semi-infinite system of strips. With the 
number of strips is increased, the number of the side-lobes also 
increases, and their magnitude approaches to the limit case 
which corresponds to the semi-infinite structure. Graphene 
conductivity σ  has strong dependence on the chemical 

potential cµ . This allows to tune the main-lobe level in a 

large interval.  

VI. CONCLUSION 

In this paper, the operator method is used to obtain 
approximate solution of the dielectric waveguide eigenwaves 
scattering by finite and semi-infinite system of graphene 
strips. The maximum of the main lobe level of the radiation 
pattern can be controlled by variation of the chemical 
potential. The patterns for the finite structure approach to that 
of the semi-infinite one with the number of strips is increased. 
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Abstract— The scattering of the E-polarized wave by the 

system which consists of a half-plane and a disk is considered. 

The operator method is used. Basic equations are presented and 

their discretization is discussed. The numerical convergence is 

studied. 

Keywords—half-plane, disk, operator method, scattering 

I. INTRODUCTION 

A half-plane and a disk are classical scattering objects. The 
method due to D. S. Jones, the Wiener-Hopf technique, the 
method of integral equations, when the scattered field is 
expressed in terms of the currents on the conductor, the 
method of dual integral equations, when the scattered field is 
expressed in terms of Fourier integral of spectral function 
(Fourier amplitude) are discussed in [1-3] for the half-plane.  

The scattering by the disk is considered in [4, 5] with the 
use of the power series expansion and spheroidal wave 
function. In [6], the unknown spectral function is expressed in 
terms of the series of integrals of Bessel functions, which are 
converted to the hypergeometric polynomial. In [7], the 
method of dual integral equations is used. The Fredholm 
integral equations are obtained for the thin disk of finite 
thickness in [8]. In [9], the authors perform analytical 
regularization and discretization within one procedure, 
namely Galerkin projection on the set of judicious expansion 
functions, which are the eigenfunctions of the singular (static) 
part. 

In this paper, we consider scattering by the structure which 
consists of the half-plane and circular disk. To solve the 
problem we use the operator method. The unknown Fourier 
amplitudes can be found from the operator equations. These 
equations use the scattering operators of a single discontinuity.  

In previous papers, the operator method is successfully 
applied to the periodic structures with the scattered fields with 
discrete spectrum (represented as Fourier series) [10, 11] or to 
the gratings with continuous spatial spectrum (represented as 
Fourier integrals) [12]. In [13], the semi-infinite strip grating 
with scattered field, which has both discrete and continuous 
spectrum is considered. Such field can be represented as a 
superposition of the plane wave and cylindrical waves. 

Here, in this paper, we initiate the study of the structure 
with the scattered field, which can be represented as a sum of 
the field of plane, cylindrical and spherical waves. 

II. PROBLEM STATEMENT 

We consider the perfectly electric conducting half-plane, 
∞<<−∞ x , 0<y , 0=z , and the disk with center at the 

point 0=x , ∆=y , 0=z  having radius r . Distance 

between the half-plane and disk is r−∆ . The geometry of the 
structure is shown in Fig.1. The time dependence is 

)exp( tiω− . 

 

 

Fig. 1.  Structure geometry. 

Suppose that E plane wave is incident from the domain 
0>z . Its tangential electric field components are  

 ( ) ,0,)),((exp =−+= i
yx

i
x EzyxikqE βαγβα  (1) 

where k  is the wavenumber, α , β  are real constants, 

221),( βαβαγ −−=  with 0Re ≥γ , 0Im ≥γ , xq  is the 

amplitude, *)0,( xqq = . Values α , β , and ),( βαγ  are 

cosines of the angles of the wavevector of the incident field 
relatively to the x , y , and z  axis.  
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The electromagnetic field can be expressed in terms of two 
electric components xE  and yE . We consider problem in the 

spectral domain, i.e. in the domain of Fourier transform. The 
total electromagnetic field we seek as a sum of the incident 

and scattered field, si EEE ΘΘΘ += , yx,=Θ . Scattered field, 

in turn, we seek as a sum of the field scattered by the half-

plane with the amplitude *
,1,11 ),( yx DDD =  and by the disk 

with the amplitude *
,2,22 ),( yx DDD = , 

 

( ) .|)|),((exp

)),(),((),,( ,2,1

yxyxyx

yxyx
s

ddzyxik

DDzyxE

ξξξξγξξ

ξξξξ

++×

+=  
∞

∞−

∞

∞−

ΘΘΘ
 (2) 

Let us introduce reflection operator of the isolated half-
plane 1R  and of the isolated disk 2R  with center at the origin, 

0=x , 0=y , 0=z , 

 







=

yyjyxj

xyjxxj
j RR

RR
R

,,

,, , 2,1=j , (3) 

by the formula 

 

,,,),(

),,,(),(
,

,,,

yxddg

RC

yxyx

yx

yxyxjyyj

=Θ×

=

Ξ

=Ξ

∞

∞−

∞

∞−

ΞΘΘ   
ζζζζ

ζζξξξξ
, (4) 

where *
,, ),( yjxjj CCC =  is the Fourier amplitude of the field 

reflected by the isolated half-plane, 1=j , or by the isolated 

disk, 2=j , *),( yx ggg =  is the Fourier amplitude of the 

incident field. Operator 1R  can be found by the factorization 

method [3], and operator 2R  can be found by the method 

described in [6].  

III. SOLUTION OF THE PROBLEM 

A. Operator equations 

The operator equations relatively unknown Fourier 
amplitudes of the scattered field are 

 qRDRD 1211 += , (5) 

 qSRSDSRSD +−+− += 2122 , (6) 

where operators ±S  define the phase variation when the 
coordinate system is shifted in the positive (negative) 
direction of the y - axis.  

The explicit form of the operator 2R  is known and not 

shown here, however we need to discuss the behavior of its 
kernel-function near the singular points. The kernel function 
of the operator 2R  can be represented as  

 22
,,,2 1/),(),( yxyxyx RR ξξξξξξ −−= ΞΘΞΘ ,  (7) 

where ),(, yxR ξξΞΘ  has already no singularities, ,, yx=Θ  

., yx=Ξ  

After substitution of the explicit expression of the operator 

1R  into (5), and (7) into (6), taking into account (4), we can 

rewrite operator equations (5), (6) in the form of the integral 
equations.  

Since kernel-functions of the operators 1R  and 2R  have 

singularities, unknown Fourier amplitudes 1D , 2D  also can 

have singularities at the same points. Let us introduce new 
regular functions. 

 

,1

1

1

2

),(

),(
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 (9) 

 22
,2,2 1),()( yxyxyx DF ξξξξξξ −−= ΘΘ ,  (10) 

Taking into account that we consider only the E -
polarized incident field, substituting (8)-(10) as well as the 
explicit expression of the operator 1R  into (5), (6), one can 

finally obtain the following integral equations relatively 
regular function ),(, yxjF ξξΘ : 
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  (13) 

Integrands in (8), (11)-(13) contain non-integrable in 
general sense singularities of the form x/1 , if 0→x . To 
exclude the singularities, the regularization procedure is 
needed. The purpose of the regularization procedure is to 
obtain the integrals with the regular or integrable integrands to 
which the general methods of numerical integration can be 
applied.  

B. Regularization 

The ideas of the regularization procedure are as follows. 
Taking into account the radiation conditions, we transform the 
integration path ∞<<−∞ ξ  in the complex plane so that it 

bypasses singularities from above or below (subscript "above" 
or below in (8), (11), (12)). After that, taking into account that 

i
d

below

π
ζξ

ξ

∞

∞−

=
−

, i
d

above

π
ζξ

ξ

∞

∞−

−=
−

 we can obtain Cauchy 

principal value integrals. For example, for the integral 


∞

∞−
−

below

df

ζξ

ξξ )(
 the regularization procedure gives: 

 )(
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..
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ζπ
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ζξ

ξξ
if
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pv
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below

+
−

=
− 

∞

∞−

∞

∞−

, (14) 

where )(ξf  is an arbitrary non-ascending continuous 

function such that integral 
∞

∞−
− ζξ

ξξ df
pv

)(
..  is convergent.  

After the regularization procedure obtained equations can 
be solved numerically. 

C. Discretization 

To discretize the obtained equations we exchange the 
infinite interval of integration by the symmetric bounded one, 

),( aa− . Then we divide interval ),( aa−  into N  equal sub-

intervals nS , 1,...,0 −= Nn , where N  is odd. On every n th 

sub-interval )/)1(2;/2( NnaaNanaSn ++−+−=  we take 

single node point Nnaan /)2/1(2 ++−=η  and exchange 

unknown function by the constant: 
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 (15) 

where  −
=

nS

n

dhf
pvc

ζξ

ξξξ )()(
..  are coefficients, )(ξf  is one 

of the unknown amplitudes, )(ξh  is the weighting function.  

 Integral of the form 

ζ

ζ

ζξ

ξ

−+−

−++−
=

− Nana

Nnaad
pv

nS
/2

/)1(2
ln.. . Integrals of the 

form  −−
nS

A

d
pv

ξζξ

ξ 1
.. , 

−−
nS A

d
pv

2

1
..

ξζξ

ξ
 ( A  is an 

arbitrary constant) also can be calculated analytically. 
However their expressions are too lengthy and are not shown 
here.  

After applying (15) to all integrals in (11)-(13) one can 
obtain set of linear equations relatively values of the unknown 
amplitudes at the nodes nη , 1,...,0 −= Nn . This set of 

equations in the brief form can be written as 

 FRF ˆˆˆ = , (16) 

where F̂  is the vector of the values of the unknown 

amplitudes at the nodes, R̂  is the matrix obtained after 
discretization.  

To solve (16) we used the iterative procedure, 
)1()( ˆˆˆ −= ll FRF , Ll ...,3,2,1= , where )(ˆ lF  is the solution 

obtained at the l th step, L  is the total number of iterations. 

As the initial iteration we take the zero vector, 0ˆ )0( =F . 

IV. NUMERICAL RESULTS 

Let us study the numerical convergence. The error of the 
results depends on the size of the segment a , number of nodes 
N  and number of iterations L . We introduce relative error as 
follows:  

 |)12(|/|)12()(|)( −−−= NDNDNDNε , (17) 

 |)1(|/|)1()(|)( ++−= LDLDLDLδ , (18) 

where ( )
−

+=

1

1

22 |),0(||),0(| yyyyx dDDD ξξξ  has sense of 

the power of the scattered spherical waves along the 

semicircle 00=ϕ  (ϕ  is counted from the x -axis).  
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Fig.2 shows dependences of the error )(Nε  on the 

number of nodes, and Fig.3 shows dependences of the error 
)(Lδ  on the number of iteration. Starting from a certain value, 

the convergence is monotone. With the size of the disk is 
increased we should take more nodes.  

Fig. 4 shows the total field distribution in the plane .0=x  
The field scattered by the structure consists of three types of 
waves. Plane wave, which is reflected by the infinite half-
plane. Spherical wave, which is scattered by the disk. 
Cylindrical wave, which is scattered by the end of the half-
plane. Reflected plane wave exists only in the domain 0<y . 

Line 0=y  acts as a shadow boundary or transition region. 

The field of the plane wave in the domain 0<y  and the field 

of the combined spherical and cylindrical waves are clearly 
seen in Fig.4.  

 

Fig. 2.  Error )(Nε  vs. the number of nodes aN /  for 2/ =∆ r . 

 

Fig. 3.  Error )(Lδ  vs. the number of iterations for 2/ =∆ r . 

V. CONCLUSION 

In this paper, for the first time we initiated the study of the 
electromagnetic wave scattering by the half-plane and the disk 
with the use of the operator method. The obtained solution is 
rigorous. The dependences of an error on the number of nodes 
and number of iterations are presented. The discretization 
scheme shows monotone convergence.  

 

Fig. 4.  Total field distribution, || xE  component, 5.1=kr , 2/ =∆ r , 

0=kx .  
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